Prelims Probability & Statistics

Hilary Term Collection
January 14th, 2022

Instructions: You have 90 minutes to complete this closed-book, closed-notes collec-
tion. Graphing/programmable calculators are not permitted, but scientific or ordinary
four-function calculators are allowed. Answer all questions in the space provided, contin-
uing on the back of the page if you run out of space. Show your work for full credit. A
table of the standard normal distribution is attached to this document.

Question: 1 2 3 4 ) Total

Points: 25 15 20 25 15 100
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All parts of this question are taken from your assigned practice problems from last term.

3] 1.

(a)

(b)

()

()

(f)

(2)

State the complement rule.

Solution: P(AY) =1— P(A)

State the definition of a conditional probability.

Solution: P(A|B) = P(AN B)/P(B)

True or false: If X is a continuous variable then P(X < 0.3) = P(X < 0.3).
Explain briefly.

Solution: TRUE. By the third axiom of probability P(X < 0.3) = P(X =
0.3) + P(X < 0.3). For a continuous random variable P(X = x) = 0 for any
x,s0 P(X =0.3) =0.

Suppose that X ~ N(u = —2,0% = 3). What is Cov(X, X)?

Solution:

CouX, X)=E{X -EX)}{X-EX)}]=E [{X - E(X)}Q} = Var(X) =

Let a and b be constants. If U ~ N(0,0?), what is the distribution of a + bU?

Solution: N(a,b*c?)

Suppose that X and Y are two random variables with correlation p = 0.3, and
standard deviations ox = 4 and oy = 5. Find Var(Z) for Z = (X +Y)/2.

Solution: First, Cov(X,Y) = poxoy = 0.3 x 4 x 5 = 6. Thus, we obtain

X Y 1\?2 1 1 1
Var <5 ¥ 5) _ (5) Var(X) + (5) Var(¥) +2 % £ x £ x Cov(X, )

e _ 3
= [ +5° +12] = - = 1325

Find the following for X ~ N(0,1). You may use the standard normal tables.
(i) P(X <-1)

(i) the value of ¢ such that P(X >¢) = 0.8

(iii) the value of ¢t > 0 such that P(—t < X <t)=0.9
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Solution:
(i) P(X < —1) ~ 0.1587
(ii) P(X >t) =~ 0.8 for t € [—0.84, —0.85]

(iif) P(—t < X <t)~ 0.9 for ¢ € [1.64, 1.65).

2. Ruth wants to know the fraction of undergraduates who smoke marijuana. Because
she worries that her subjects may be unwilling to admit to breaking the law, Ruth
conducts her interviews as follows:

Hi, I'm carrying out a survey on marijuana use. In a moment I'm going
to ask if you smoke marijuana, but before I do 1'd like you to flip this fair
coin in secret. If you get heads, answer my question truthfully. If you get
tails, answer YES regardless of whether you smoke marijuana. Because
I don’t know the outcome of your coin flip, if you answer YES I'll never
know whether you really smoke marijuana or just flipped a tails.

Ruth interviews a large number of subjects who all follow her instructions exactly:
85% answer YES. Calculate the fraction of undergraduates who smoke marijuana.

Solution: Let Y be the event that someone answers YES, M be the event she
smokes marijuana, and T" be the event that she flips a tails. Since Y = M U T,
by the addition rule we have

P(Y)=P(M)+ P(T)— P(MNT)

Since the coin is fair, P(T") = 0.5. Since the outcome of a coin toss doesn’t depend
on whether someone does or doesn’t smoke marijuana, M and 7" are independent
which implies P(M NT) = P(M)P(T). Substituting this information along with
P(Y) =0.85,

0.85=P(M)+0.5—-0.5x P(M)
and solving we see that P(M) = 0.7.

Alternatively, you could solve this using the Law of Total Probability:

P(Y)=PY|T)P(T)+ P(Y|T°)P(T°)
085=1x1/24+PY|T°) x 1/2
0.7 = P(Y|T°)
using the fact that P(Y'|T¢) = P(M) since anyone who flips heads answers truth-

fully, and the outcome of the coin flip has no bearing on whether someone smokes
marijuana.
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3. A plane has crashed in one of three possible locations: the mountains (M), the desert

(D), or the sea (S). Based on its flight path, experts have calculated the following
prior probabilities that the plane is in each location: P(M) = 0.5, P(D) = 0.3 and
P(S) = 0.2. If we search the mountains then, given that the plane is actually there,
we have a 30% chance of failing to find it. If we search the desert then, given that
the plane is actually there, we have a 20% chance of failing to find it. Finally, if we
search the sea then, given that the plane is actually there, we have a 90% chance of
failing to find it. Naturally if the plane is not in a particular location but we search
for it there, we will not find it. You may assume that searches in each location are
independent given the location of the plane. Let Fj; be the event that we fail to find
the plane in the mountains. Define Fp and Fs analogously.

(a) We started by searching the mountains. We failed to find the plane. What
is the conditional probability that the plane is nevertheless in the mountains?
Explain.

Solution: By Bayes’ Rule: P(M|Fy) = P(Fy|M)P(M)/P(Fa). We first
calculate the denominator using the Law of Total Probability:
P(Fy) = P(Fu|M)P(M)+ P(Fy|M©)P(M®)
= 03x05+1x0.5=0.154+0.5=0.65

Hence, the desired probability is 15/65 = 3/13 ~ 0.23.

(b) After failing to find the plane in the mountains, we searched the desert, and the
sea. We did not find the plane in either location. After this more exhaustive
search what is the conditional probability that the plane is in the mountains?
Explain.

Solution: We are asked to calculate P(M|Fy; N Fp N Fs). By Bayes’ rule,

P(Fy N Fp N Es|M)P(M)
P(Fyy N FpN Fy)

Define the shorthand A = Fj; N Fp N Fs. By the Law of Total Probability

P(A) = P(AIM)P(M)+ P(A|D)P(D) + P(A|S)P(S)
(03x1x1)x05+(1x02x1)x03+(1x1x0.9)x0.2
= 0.1540.06 +0.18 = 0.39

using independence. Hence, the desired probability is 15/39 ~ 0.38.

4. To answer this question you will need to refer to the following joint pmf:
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Y
1 2 3
0 02 04
X 1101 03 O

(a) Are X and Y independent? Briefly explain why or why not.

Solution: No: if Y =1 then X must be 1.

(b) Write out the marginal pmf of Y and use it to calculate E[Y?].

Hence,

Solution: The support set of Y is {1, 2,3} and its marginal pmf is py (1) =
0.1,py(2) = 0.5,py(3) = 0.4. We know that E[g(X)] = > .1, 9(®)p(x).

EY ] =1"x0142°%x05+3"x04=0.1+4+10.8=149

(c) Write out the marginal CDF of Y.

Solution:

Fy(y) =

0

1

y<l1
0.1 1<y<?2
06 2<y<3
y=>3

(d) Derive the conditional pmf of X given Y = 2.

Solution: pxy(02) = 0.2/0.5 = 0.4 and px|y(1]2) = 0.3/0.5 = 0.6

(e) Calculate the expected value of the ratio of X and Y, namely £ [—] .

X
Y

Solution: We know that E[g(X,Y)] => .1, yg(x, Y)pxy (z,y), hence

E[X/Y] = 0.1 x (1/1) + 0.3 x (1/2) = 0.25

5. Let X be a variable with support [—1,1] and PDF f(x) = 4_1(1 — 7).

(a) Show that E[X]| = 0.
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Solution:

00 1

E[X]:/_Oosvf(x)dx:z/_ (x_x3>d‘”22<%2_x_4>

SEREE

Calculate Var(X).

Solution: Since E[X] = 0, by the shortcut formula Var(X) = EF[X?]:
B = [ afyde = [ @ -atyar= ] (% _ w_)

SICOREEHI R B

(c) Calculate the CDF of X.

Solution:

The preceding expression is valid for z € [-1,1]. For x > 1, F(x) = 1. For
r < —1, F(z) =0.
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